Free conical dynamics: charge-monopole as a particle with spin, anyon
  and nonlinear fermion-monopole supersymmetry by Plyushchay, Mikhail S.
ar
X
iv
:h
ep
-th
/0
10
30
40
v2
  9
 M
ar
 2
00
1
1
Free conical dynamics: charge-monopole as a particle with spin,
anyon and nonlinear fermion-monopole supersymmetry
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We discuss the origin of the effectively free dynamics of the charge in the magnetic monopole field to apply it
for finding the alternative treatment of the charge-monopole as a particle with spin, for tracing out the relation
of the charge-monopole to the free relativistic anyon and for clarifying the nature of the non-standard nonlinear
supersymmetry of the fermion-monopole system.
1. Introduction
In addition to the Galilei symmetry, the free
nonrelativistic particle possesses the dynamical
SL(2, R) symmetry [1]. The latter can be under-
stood as a relic of reparametrization invariance
which survives the formal Lagrangian gauge fix-
ing procedure consisting in introduction of the
condition v = 1 in the associated system L =
r˙
2
2v +
v
2
with einbien v [2]. Amazingly, this dy-
namical symmetry relates the mechanisms of su-
pernova explosion and plasma implosion [3], and
the theoretical explanation of such an intriguing
similarity finds its roots in the symmetry proper-
ties of the fluid dynamic equations [4]. Since the
charge-monopole (CM) system is characterized by
the same dynamical SL(2, R) symmetry [5], this
indicates on the free nature of the charge’s motion
in such a system. Following recent works [2,6],
here we discuss the origin of the effectively free
dynamics of the charge in the magnetic monopole
field to apply it for finding the alternative treat-
ment of the CM as a particle with spin, for trac-
ing out the relation of the CM to the free rel-
ativistic anyon, and for clarifying the nature of
the non-standard nonlinear supersymmetry of the
fermion-monopole system.
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2. Free dynamics of the charge-monopole
A non-relativistic scalar particle of unit mass
and electric charge e in the field of magnetic
monopole of charge g is described by the La-
grangian
L =
1
2
r˙2 + eAr˙, (1)
with a U(1) gauge potential A(r) given by the
relations ∂iAj − ∂jAi = Fij = ǫijkBk, Bi = g rir3 ,
r =
√
r2. Equations of motion following from
Lagrangian (1) result in the Lorentz force law,
r¨ = f , f = −νr−3r× r˙, ν = eg, which implies that
instead of the orbital angular momentum vector
L = r× r˙, the vector
J = L− νn, n = r · r−1, (2)
is the conserved angular momentum of the sys-
tem. Due to the relation Jn = −ν, the trajectory
of the particle lies on the cone with the axis ori-
ented along the vector J and the half-angle equal
to cos γ = −νJ−1. Since the force f is orthogo-
nal to r and to the velocity r˙, it is perpendicu-
lar to the cone and, therefore, the particle per-
forms a free motion on the cone. To observe this
also at the level of Lagrangian, we introduce (lo-
cal) spherical coordinates, n = n(ϑ, ϕ), with axis
ϑ = 0 directed along J. Then the reduction of (1)
to the level of the constant vector J results after
transformation t → t′ = αt, α = √1− ν2J−2, in
2the Lagrangian
L = Lα +
d
dt
(Cϕ) , Lα =
1
2
(α−2r˙2 + r2ϕ˙2), (3)
where C = e(2π)−1Φ, Φ = −2παν2J−1e−1. The
second term being a total derivative is not impor-
tant classically, whereas the Lagrangian Lα de-
scribes a free motion of the particle on the cone
given by the relations x = r cosϕ, y = r sinϕ,
z = r
√
α−2 − 1, r > 0, 0 ≤ ϕ < 2π, with
0 < α < 1. The total derivative in (3) is the
reduced form of the CM interaction eAr˙ having
the nature of (0 + 1)-dimensional Chern-Simons
(CS) term which gives rise to the Dirac quantiza-
tion condition for the parameter ν. Being, up to
the constant, the derivative of the topologically
nontrivial angular variable, it corresponds to the
2D term describing the interaction of the charge
e with a singular point vortex carrying the mag-
netic flux Φ [7].
The conical metric ds2 = α−2(dr)2 + r2(dϕ)2
corresponds to the metric produced by the point
mass [8], and one can say that the classical motion
of the charge in the field of magnetic monopole
(reduced to the level J = const) is equivalent to
the classical motion of a particle in a planar grav-
itational field of a point massive source carrying
simultaneously the magnetic flux Φ.
With the appropriate choice of the origin of
the system of coordinates, the motion of a 3D
free particle (e = 0) can be characterized by the
unit vector n and by the conserved orbital angu-
lar momentum L supplemented with the canoni-
cally conjugate scalars r and pr = r
−1pr, where
p is a canonical momentum. Since Ln = 0, for
a given L the particle’s trajectory is in the plane
orthogonal to the orbital angular momentum. So,
one concludes that classically the topological na-
ture of (0 + 1)-dimensional charge-monopole CS
term is manifested in changing the global struc-
ture of the dynamics without distorting its local
free (geodesic) character: the “plane dynamical
geometry” of the free particle (e = 0) is changed
for the free “cone dynamical geometry” of the
charged particle.
3. CM as a reduced E(3) system
Like a 3D free particle, the CM system may be
treated as a reduced E(3) system. To get such
an interpretation, we pass over from the Hamil-
tonian variables r and P = p − eA to the set
of variables n, J, r and Pr = Pr · r−1. They
have the following Poisson brackets: {r, Pr} = 1,
{r,n} = {r,J} = {Pr,n} = {Pr,J} = 0, and
{Ji, Jj} = ǫijkJk, {Ji, nj} = ǫijknk, {ni, nj} = 0.
Poisson brackets for variables Ji and ni corre-
spond to the algebra of generators of the Eu-
clidean group E(3) with Ji being a set of gene-
rators of rotations and ni identified as generators
of translations. The quantities n2 and Jn lying in
the center of e(3) algebra, {n2, ni} = {n2, Ji} =
{nJ, ni} = {nJ, Ji} = 0, are fixed in the present
case by the relations n2 = 1, nJ = −ν. In terms
of the introduced variables, the Hamiltonian of
the system takes the form
H =
1
2
P 2r +
(J× n)2
2r2
. (4)
Therefore, the CM system can be treated as the
E(3) system reduced by the conditions n2 = 1 and
nJ = −ν fixing the Casimir elements, and supple-
mented by the independent canonically conjugate
variables r and Pr. It is the relation nJ = −ν
that encodes the topological difference between
the CM and the 3D free particle cases: for ν 6= 0,
the space given by the spin vector J is homeomor-
phic to IR 3−{0}, (J > |ν|), whereas for ν = 0 the
corresponding space IR 3 is topologically trivial.
4. Spin nature of CS term
The integrand in action corresponding to the
charge-monopole interaction term θ = er˙A(r)dt
can be treated as a differential one-form θ =
eA(r)dr defined by the relation
dθ =
ν
2r3
ǫijkridrj ∧ drk. (5)
Since the right-hand side of Eq. (5) is the
gauge-invariant curvature two-form, dθ = eF ,
F = 1
2
Fijdri ∧ drj , the gauge-non-invariant one-
form θ has a sense of (0 + 1)-dimensional CS
term. The two-form (5) can be represented equiv-
alently as dθ = ν
2
ǫijknidnj ∧ dnk. With the
3(local) parametrization by spherical coordinates,
n = n(ϑ, ϕ), one finds that up to the constant fac-
tor it gives the differential area of the two-sphere
and via the Stokes theorem leads to the quantiza-
tion of the CM coupling constant: 2ν = k, k ∈ ZZ
[14].
Defining the dependent variables si = −νni,
the two-form dθ can be represented equivalently
as
ωs = dθ = − 1
2s2
ǫijksidsj ∧ dsk, (6)
with s2 = ν2. The two-form (6) is closed and
nondegenerate, and, so, can be interpreted as a
symplectic form corresponding to the symplectic
potential θ. If we drop out the kinetic term in
the CM action (that corresponds to taking the
charge’s zero mass limit, m → 0, [9]), one gets
the Poisson brackets {si, sk} = ǫijksk, which to-
gether with the relation sisi = ν
2 define the clas-
sical spin system with fixed spin modulus. Ge-
ometric quantization applied to such a system
(for the details see ref. [14]) leads to the same
Dirac quantization of the parameter ν, |ν| =
j, j = 1/2, 1, 3/2, . . ., and results in (2j + 1)-
dimensional representation of su(2) with classical
relation s2 = ν2 changed for the quantum relation
s2 = j(j + 1). Introducing the complex variable
z related to the spherical angles via the stereo-
graphic projection z = tan ϑ
2
eiϕ from the north
pole, or via z = cot θ
2
e−iϕ for the projection from
the south pole, the symplectic two-form is repre-
sented in both cases as
ωs = 2iν
dz¯ ∧ dz
(1 + z¯z)2
. (7)
Geometrically, the obtained spin system is a
Ka¨hler manifold with Ka¨hler potential K =
2iν ln(1 + z¯z): ωs =
∂2
∂z∂z¯K · dz¯ ∧ dz, z¯ = z∗. Lo-
cally, in spherical coordinates the spin Lagrangian
is given by Ls = ν cosϑϕ˙, and in terms of global
complex variable it takes the form
Ls = iν
z¯z˙ − ˙¯zz
1 + z¯z
. (8)
The appearance of the two stereographic projec-
tions for the spin system reflects the necessity to
work in two charts under treating the CM system
to escape the problems with Dirac string singu-
larities. In terms of globally defined independent
variables z, z¯ no gauge invariance left in the spin
system given by Lagrangian (8) but it is hidden
in a fibre bundle structure reflected, in particu-
lar, in the presence of two charts. Note also that
since (8) is a first order Lagrangian and the cor-
responding Hamiltonian is equal to zero, the CS
action S =
∫
θ describes the free spin system.
5. CM as a particle with spin
The spin nature of the charge-monopole CS
term and free character of the charge’s dynamics
allow us to get the alternative description for the
CM system as a free particle of fixed spin with
translational and spin degrees of freedom inter-
acting via the helicity constraint and the spin-
orbit coupling term. The corresponding equiva-
lent form of the Lagrangian is
L =
1
2
r˙2 − 1
r2
(r× r˙) · s− λ · (rs + νr) + Ls, (9)
where s = −νn(z, z¯), Ls is given by Eq. (8),
λ is a Lagrange multiplier, and the coordinate
vector r and translation invariant variables z, z¯
should be treated as independent variables of the
configuration space. To see that the Lagrangian
(9) describes the system equivalent to the initial
CM system, first we note that the variation in
λ results in appearance of the helicity constraint
χ ≡ sr + νr ≈ 0, whereas the term Ls generates
the necessary Poisson brackets {si, sj} = ǫijksk
for the spin variables si = si(z, z¯). The Hamilto-
nian corresponding to the Lagrangian (9) is
H =
1
2
Π2 + λ · (sr+ νr), (10)
where Πi ≡ pi− 1r2 ǫijkrjsk, and it is the presence
of the second Ls-coupling term in Lagrangian (9)
in addition to the first kinetic term that guar-
antees the conservation of the helicty constraint.
The system (9) is described by 6 + 2 phase space
variables and by one first class constraint. There-
fore, there are only 6 physical degrees of freedom.
Due to the relations {ri, χ} = 0, {Πi, χ} ≈ 0,
the variables ri and Πi give such a set of physi-
cal degrees of freedom. The Hamiltonian of the
4initial CM system has a form H = 1
2
P2, and the
nontrivial Poisson brackets for the initial system
are {ri, Pj} = δij , {Pi, Pj} = νr−3ǫijkrk. Taking
into account that for the system (9) the Poisson
brackets of the gauge-invariant (physical) vari-
ables are {Πi,Πj} = − rsr4 ǫijkrk ≈ νr−3ǫijkrk and
{Πi, rj} = δij , one concludes that the variables Πi
are the analogs of Pi = r˙i, and, as a result, the
dynamics generated by the Hamiltonian (10) for
the gauge-invariant variables is exactly the same
as the dynamics of the initial CM system.
Therefore, we conclude that the CM system can
alternatively be interpreted as a free particle of
fixed spin defined by the value of the CM cou-
pling constant ν with translational and spin de-
grees of freedom interacting via the helicity con-
straint and the Ls-coupling term.
6. CM and (2+1)D anyon
The observed effectively free nature of the CM
dynamics allows ones also to trace out the origin
and details of the known formal relation of the
CM system to the (2+1)-dimensional free rela-
tivistic anyon [10–13].
In (2+1)-dimensions, spin is a (pseudo)scalar
and, as a consequence, the anyon of fixed spin
has the same number of degrees of freedom as
a spinless free massive particle [11,13,14]. The
relationship between the CM and anyon can be
understood better within the framework of the
canonical description of these two systems. As
we have seen, the CM system essentially is a re-
duced E(3) system. In the case of anyon, the E(3)
group is changed for the Poincare´ group ISO(2,1).
The translation generators of the corresponding
groups are ni and pµ, the latter being the energy-
momentum vector of the anyon, and the corre-
sponding Casimir central elements are fixed by
the relations n2 = 1 and p2 +m2 ≈ 0, where m
is a mass of the anyon. The rotation (Lorentz)
generators are given by J and by
Jµ = ǫµνλxνpλ + Jµ, (11)
where Jµ are the translation invariant so(2, 1) ∼
sl(2, R) generators satisfying the algebra
{Jµ, Jν} = ǫµνλJλ, (12)
and subject to the relation JµJ
µ = −γ2 = const.
Representation (11) for the anyon total angular
momentum vector is, obviously, the analog of the
relation J = L + s appearing under interpreta-
tion of the CM system as a particle with spin.
In the CM system, the second Casimir element
of E(3) is fixed either strongly, Jn = −ν, or in
the form of the weak relation Jn + ν ≈ 0 be-
ing equivalent to the helicity constraint under
treating the CM as the particle with spin. In
the anyon model, spin also can be fixed either
strongly, J p = Jp = −γm, or in the form of the
weak (constraint) relation χa ≡ Jp + γm ≈ 0
[13]. When the helicity is fixed strongly, for the
CM system the symplectic form has a nontrivial
contribution describing noncommuting quantities
Pi being the components of the charge’s velocity:
ω = dPi ∧ dri + ν2r3 ǫijkridrj ∧ drk. In the anyon
case, the strong spin fixing gives rise to the non-
trivial Poisson structure for the particle’s coordi-
nate’s [13],
{xµ, xν} = α(−p2)−3/2ǫµνλpλ. (13)
On the other hand, when we treat the CM system
as a particle with spin (helicity is fixed weakly),
one can work in terms of the canonical symplec-
tic structure for the charge’s coordinates and mo-
menta, ω = dpi ∧ dri + ωs, but the canonical
momenta p are not physical observables due to
their non-commutativity with the helicity con-
straint, whereas the gauge-invariant extension of
pi given by the variables Πi plays the role of the
non-commuting quantities Pi. Exactly the same
picture takes place in the case of anyon when its
spin is fixed weakly: the coordinates xµ com-
mute in this case, {xµ, xν} = 0, but they have
nontrivial Poisson brackets with the spin con-
straint χa, whereas their gauge-invariant exten-
sion, Xµ = xµ +
1
p2 ǫµνλp
νJλ, {Xµ, χa} ≈ 0,
are non-commuting and reproduce the Poisson
bracket relation (13) [13]. Like in the anyon case,
the advantage of the extended formulation for the
CM system (when we treat it as a particle with
spin) is in the existence of canonical charge’s co-
ordinates ri and momenta pi. Within the ini-
tial minimal formulation (given in terms of ri and
gauge-invariant variables Pi), the canonical mo-
menta pi are reconstructed from Pi only locally,
5pi = Pi + eAi, due to the global Dirac string sin-
gularities hidden in the monopole vector poten-
tial. Having in mind the gauge invariant nature
and non-commutativity of Pi or their analogs Πi
from the extended formulation, we conclude that
they, like anyon coordinates Xµ, are the charge-
monopole’s analogs of the Foldy-Wouthuysen co-
ordinates of the Dirac particle [13,15].
7. Fermion-monopole supersymmetry
Now we apply the discussed effectively free dy-
namics of the CM for clarifying the nature of
the non-standard supersymmetry of the fermion-
monopole. As it was observed for the first time
in ref. [16], in addition to the standard N = 1/2
supersymmetry [17], the fermion-monopole sys-
tem has the hidden supersymmetry of the non-
standard form characterized by the supercharge
anticommuting for the nonlinear operator equal
to the square of the total angular momentum op-
erator shifted for the constant. The nonlinear su-
persymmetry of the similar form was also revealed
in the 3D P, T -invariant systems of relativistic
fermions [18] and Chern-Simons fields [19] as well
as in the pure parabosonic systems and Calogero-
like systems with exchange interaction [20]. The
relation of the nonlinear supersymmetry to the
quasi-exactly solvable systems via the quantum
anomaly was investigated recently in ref. [21].
To clarify the origin of such a supersymmetry
and its structure, let us consider following ref. [6]
a 3D free spin-1/2 nonrelativistic particle given
by the classical Lagrangian
L =
1
2
r˙2 +
i
2
ψψ˙. (14)
The corresponding Hamiltonian is H = 1
2
p2, and
nontrivial Poisson-Dirac brackets for Grassmann
variables are {ψi, ψj} = −iδij . The set of even
integrals of motion is given by the vectors p,
L = r×p and K = p×L, which have a nonzero
projection on a unit of Grassmann algebra, and
by the nilpotent spin vector S = − i
2
ψ × ψ gen-
erating rotations of odd Grassmann variables ψi.
The vectorK is the analog of the Laplace- Runge-
Lentz vector of the Kepler system, which together
with p and L constitute a non-normalized basis
of orthogonal vectors forming a nonlinear algebra
with respect to the Poisson brackets. Projecting
the odd vector integral ψ onto the even vector
integrals of motion, we get three odd scalar inte-
grals of motion (supercharges)
Q1 = pψ, Q
′
2 = Lψ, Q3 =Kψ. (15)
The supercharge Q1 is a “square root from the
Hamiltonian”, {Q1, Q1} = −2iH . It has zero
bracket with the supercharge Q3, {Q1, Q3} = 0,
but Q1 and Q3 have nontrivial brackets with Q
′
2
.
One can find the linear combination of the odd
scalar integrals Q′
2
and iǫijkψiψjψk having zero
brackets with other two supercharges,
Q2 = Lψ − i
3
(ψ ×ψ) · ψ. (16)
Finally, we get the set of three scalar super-
charges, {Ji, Qa} = 0, a = 1, 2, 3, forming to-
gether with H and J the nonlinear superalgebra
{Qa, Qb} = −iAaδab, (17)
where A1 = 2H , A2 = J
2, A3 = A1A2, and
J = L+S is the total angular momentum vector.
The scalar supercharges satisfy also the algebraic
relation
QaQb = iBcǫabcQ˜c, (18)
where B1 = A2, B2 = A1, B3 = 1 and Q˜a means
Qa with odd vector ψ changed for even S. Since
J2 · Q˜1 = L2 · Q˜1, relations (18) reflect the anal-
ogous relations between the even vector integrals
p, L and K: p × L = K, p ×K = −2H · L,
L×K = L2 ·p. Taking into account the equalities
J2 = 2H · ∆ and {∆, H} = {∆, Qa} = 0, where
∆ = r2⊥ + (LS) · H−1, r⊥ = r − p(pr) · p−2 =
K · p−2, one can transform (at p2 6= 0, K2 6= 0)
the set of scalar supercharges Qa into the set
Q¯a = CaQa (19)
with C1 = 1, C2 = ∆
−1/2, C3 = (2H∆)−1/2.
This set of (nonlinearly) transformed scalar su-
percharges gives rise to the N = 3/2 linear su-
peralgebra of the standard form,
{Q¯a, Q¯b} = −2iHδab. (20)
The quantum analogs of the odd variables are
realized via the Pauli matrices, ψˆi = σi/
√
2,
6and the quantum spin vector Sˆ is proportional
(“parallel”) to ψˆ: Sˆ = σ/2 = ψˆ/
√
2. Clas-
sically this property is reflected in the relation
ψ × S = 0. To construct the quantum analogs
of the supercharges Qa in the form of Hermi-
tian operators, we choose the natural prescription
p× L→ 1
2
(pˆ× Lˆ+ (pˆ× Lˆ)†), and get
Qˆ1 = pˆψˆ, Qˆ2 = Lˆψˆ +
1√
2
, (21)
Qˆ3 = (pˆ× Lˆ)ψˆ − iQˆ1. (22)
These operators are Hermitian and satisfy the
quantum relations
QˆaQˆb =
1
2
Aˆaδab +
i√
2
BˆcǫabcQˆc, (23)
where Aˆ1 = 2Hˆ, Aˆ2 = Jˆ
2 + 1
4
, Aˆ3 = Aˆ1Aˆ2,
Bˆ1 = Aˆ2, Bˆ2 = Aˆ1, Bˆ3 = 1. The symmetric
part of relations (23) is the nonlinear N = 3/2
superalgebra being the exact quantum analog of
classical relations (17), whereas, with taking into
account the above mentioned relation between Sˆi
and ψˆi, we find that the antisymmetric part of
(23) corresponds to the classical relations (18).
Due to the relation Qˆ3 = −i
√
2Qˆ1Qˆ2, it seems
that one could interpret Qˆ1 and Qˆ2 as the “pri-
mary” supercharge operators and Qˆ3 as the “sec-
ondary” operator. But such an interpretation is
not correct. Indeed, on the one hand, the rela-
tions (23) can be treated as a quantum general-
ization of the symmetric in indexes relations for
the three Clifford algebra generators σi =
√
2ψˆi,
σiσj = δij + iǫijkσk, and we remember that the
operators ψˆi are the quantum analogs of the set of
the classical odd integrals of motion ψi forming a
3D vector. On the other hand, the antisymmetric
part of (23) is a reflection of the cyclic classical
relations (18). It is worth noting also that we
can pass from the set of odd integrals (19) (con-
structed at p2 6= 0, K2 6= 0) to the integrals
ξa = Q¯a · (2H)−1. (24)
Then, due to the relations {ξa, ξb} = −iδab, one
can treat the transition from the integrals ψi to
the integrals ξa as a simple canonical transforma-
tion for the odd sector of the phase space (note,
however, that ξa have nontrivial brackets with
even variables). Formally, the same unitary in
the odd sector transformations can be realized at
the quantum level. So, it is natural to treat all
the three supercharge operators Qˆa on the equal
footing.
Let us consider the fermion particle of charge
e in arbitrary time-independent magnetic field
B(r) = ∇ × A(r). At the Hamiltonian level
this corresponds to the change of the canonical
momentum vector p for the vector P = p − eA,
{Pi, Pj} = eǫijkBk. By projecting the odd vector
variable ψ onto P , we get the scalar Q1 = Pψ.
Identifying the bracket i
2
{Q1, Q1} as the Hamil-
tonian,
H =
1
2
P 2 − eBS, (25)
Q1 is automatically the odd integral of motion
(supercharge). However, now, unlike the case of
a free particle, either even vectors P , L = r×P ,
P × L, S or odd vector ψ are not integrals of
motion, whereas the odd scalar (ψ × ψ) · ψ is
conserved. Having in mind the analogy with the
free particle case, let us check other odd scalars
for their possible conservation. First, it is worth
noting that the quantum relation Sˆ = 1√
2
ψˆ is re-
flected classically also in the identical evolution,
ψ˙ = eψ ×B, S˙ = eS ×B. Like the projection
of the odd vector ψ, the projection of S on P
is conserved, i.e. as in a free case, Q˜1 = PS is
the integral of motion, but generally ddt(SL) =
e(S × P ) · (r × B) 6= 0. The scalar Q˜′
2
= SL
is the integral of motion only if B = f(r) · r,
r =
√
r2. This corresponds exactly to the case of
the monopole field, for which f(r) = gr−3 (r 6= 0,
g = const) is fixed by the condition ∇B = 0,
and from now on, we restrict the analysis by the
fermion-monopole system. Though in this case
the brackets {Li, Lj} = ǫijk(Lk + νnk) are differ-
ent from the corresponding brackets for the free
particle, nevertheless the odd scalar Q′2 = Lψ is
the integral of motion. One can check that the di-
rect analog of the free particle’s supercharge (16)
has zero bracket with Q1 and that
{Q2, Q2} = −i(J 2 − ν2). (26)
Here J = J+S, J = L−νn, is the conserved an-
7gular momentum vector of the fermion-monopole
system, whose components form su(2) algebra,
{Ji,Jj} = ǫijkJk, and generate rotations. The
scalar Q3 = (P ×L)ψ is also the integral of mo-
tion and in the fermion-monopole case the clas-
sical relations of the form (17), (18) take place
with the change J2 → J 2 − ν2 and with the
Hamiltonian given by Eq. (25). Like for the free
particle, the superalgebra can be reduced to the
standard linear form (20) via the nonlinear trans-
formation (19), for which in the present case we
proceed from the relation J 2− ν2 = 2H ·∆ with
∆ = r˜2 + LS · H−1, r˜2 = r2 − (Pr)2 · (2H)−1.
The quantity r˜2 is the integral of motion which
in the case of the scalar charged particle (ψi = 0)
in the field of monopole gives a minimal charge-
monopole distance in the point of perihelion:
rmin =
√
r˜2 [2].
Constructing the quantum analogs of the su-
percharges in the same way as in the free particle
case, we get the supercharge operators of the form
(22) with pˆ changed for Pˆ . They satisfy the set
of (anti-)commutation relations of the same form
(23) with Aˆ2 = Jˆ
2 + 1
4
changed for Jˆ 2 − ν2 + 1
4
,
where ν, as in the case of the CM system, is sub-
ject to the Dirac quantization condition, 2ν ∈ ZZ.
The present analysis shows that the set of su-
percharge operators Qˆ1 and Qˆ2 found in ref. [16]
has to be extended by the scalar integral Qˆ3, and
these three odd operators together with even op-
erators Hˆ and Jˆ form the described nonlinear
N = 3/2 superalgebra. As we have seen, this non-
linear supersymmetry of the fermion-monopole
system has the nature of the free fermion par-
ticle’s supersymmetry generated by the super-
charges represented in a scalar form.
Comparing the fermion-monopole Hamiltonian
(25) (with B = νr · r−3) with the free fermion
particle Hamiltonian H = 1
2
p2, it seems that they
have rather different structure, but this is not so,
and their similarity can be revealed, like in the
case of the CM system, by separating the even
phase space coordinates into the radial and an-
gular ones. In terms of such variables, the Hamil-
tonian of the fermion-monopole system is
H =
1
2
P 2r +
J 2 − ν2
2r2
− LS
r2
, (27)
with J = J + S. The case of the free fermion
corresponds to ν = 0, and its Hamiltonian takes
the similar form H = 1
2
p2r+
1
2r2J
2− 1r2LS, where
J = L+ S.
It is interesting to look at the fermion-
monopole supersymmetry from the point of view
of the reduction of the system to the spherical
geometry2. To this end we first note that the
bracket of the supercharge Q2 with itself can be
represented in the form
i{Q2, Q2} = 2r2
(
H − 1
2
P 2r +
i
r
Q1(ψn)
)
, (28)
and the supercharge Q3 can be reduced to the
equivalent form
Q3 = 2Hr
(
ψn−Q1 Pr
2H
)
. (29)
The reduction of the fermion-monopole system to
the spherical geometry can be realized by intro-
ducing into the system the classical relations
r2 − ρ2 = 0, Pr = 0, ψn = 0, (30)
which have to be treated as the set of second class
constraints with ρ 6= 0 being a constant, and for
simplicity we fix it in the form ρ = 1. The re-
lations (28) and (29) allow us to observe directly
that the described N = 3/2 nonlinear fermion-
monopole supersymmetry is transformed into the
N = 1 supersymmetry of the standard linear form
in the case of reduction (30). Indeed, after reduc-
ing the fermion-monopole system onto the surface
of even second class constraints (30), we find that
the structure of the supercharge Q3 is trivialized
and takes the form of the odd scalar ψn mul-
tiplied by 2H . Two other supercharges Q1 and
Q2 after such a reduction take the form of linear
combinations of the odd vector ψ projected on
the vectors J + νn and J × n orthogonal to n.
Then taking into account the odd second class
constraint (30) results in eliminating the super-
charge Q3 and in reducing the bracket (and corre-
sponding anticommutator at the quantum level)
of the supercharge Q2 to 2h, where h is the re-
duced Hamiltonian,
h =
1
2
(J 2 − ν2). (31)
2Some aspects of the CM system in a spherical geometry
were discussed in refs. [22,2].
8In other words, the supersymmetry of the
fermion- monopole system in spherical geometry
is reduced to the standard linear N = 1 super-
symmetry characterized by two supercharges an-
ticommuting for the Hamiltonian. More explic-
itly, after reduction to the surface of the second
class constraints, the radial variables r and Pr are
eliminated from the theory. The even variables
can be represented by the total angular momen-
tum J and by the unit vector n having the non-
trivial Dirac brackets coinciding with correspond-
ing initial Poisson brackets, {Ji,Jj}∗ = ǫijkJk,
{Ji, nj}∗ = ǫijknk. The odd variables ψi satisfy
the relation ψn = 0 which has to be treated as a
strong equality, and their nontrivial Dirac brack-
ets are {ψi, ψj}∗ = −i(δij − ninj), {Ji, ψj}∗ =
ǫijkψk. The even and odd variables are subject
also to the relation Jn = −ν + iq1q2 · (2h)−1,
where h is given by Eq. (31) and
q1 = (J × n)ψ, q2 = Jψ (32)
are the supercharges Q1 and Q2 reduced to the
surface (30). With the listed Dirac brackets, one
can easily check that now the reduced super-
charges qµ, µ = 1, 2, satisfy the superalgebra of
the standard N = 1 supersymmetry: {qµ, qν}∗ =
−2iδµνh, {qµ, h} = 0.
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